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 A B S T R A C T

The relationship between free surface energy and fracture energy in amorphous silica is investigated using 
multiscale simulations. We combine the homogenization of an atomic scale fracture model with a phase-field 
approach to track and quantify the different energy contributions. Free surface energy, localized as potential 
energy at the surface, is clearly separated from damage diffusion extending over a 16–23 Å range around the 
crack path while the plastic contribution is found negligible. Analysis of the local structure reveals that diffuse 
damage is primarily associated with changes in the ring structure, whereas variations in free surface energy 
correlate with changes in the coordination number of silicon atoms. These findings provide new insight into 
brittle fracture mechanisms in amorphous silicates and are consistent with experimental measurements of silica 
toughness.
1. Introduction

Surface free energy quantifies the excess energy associated with 
unbalanced interatomic bonds at a material’s surface. In solids, the 
bulk state is always energetically more favorable, therefore creating a 
surface requires an energy input. This quantity is an essential parameter 
in surface science, as it governs how material surfaces directly influence 
phenomena such as wetting, adhesion, coating, friction, and corrosion.

On the other hand, Griffith [1] postulated a closely related concept 
that forms the basis of fracture mechanics and is essential for estimating 
fracture resistance [2]. He stated that a free surface can be created 
and a crack can propagate when the elastic energy released exceeds 
a material-specific critical value. Essentially, both free surface energy 
and fracture surface energy describe the same underlying physical 
phenomenon and in an ideal brittle material, the fracture energy is 
expected to equal twice the surface energy.

However, in experiments, fracture surface energy is almost always 
significantly larger. It is the case for polymers [3,4] and crystalline 
metals [5] where the fracture energy exceeds the free surface energy 
by several orders of magnitude due to plastic dissipation around the 
crack tip, as well as for bulk metallic glasses [6,7]. One of the rare 
exceptions is silicon crystals [8–10], where the difference falls within 
the precision limits of the methods used, and which can be assumed to 
break by individual bond rupture at an atomically sharp tip as expected 
from a brittle material [11],
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Intriguingly, for silicate glasses, the archetypes of brittle materials, 
it has long been known that the measured fracture energy exceeds the 
surface free energy by a factor of ca. 5 [12–14]. The difference has been 
tentatively ascribed to plastic dissipation [12,15] but as it is difficult 
to experimentally evidence plasticity at this scale in an amorphous 
material, let alone quantify it (and also because it openly conflicts with 
the accepted notion of brittleness), the claim has remained controver-
sial [16] to these days: signs of plasticity at silica crack tips have been 
discounted [17] almost as soon as found [18]. Worse still, standard 
models for plastic dissipation in cracks [19] are inapplicable to silicates 
because their plasticity is essentially devoid of hardening [20].

Faced with this conundrum, we focused on silica glass to investigate 
the rupture of brittle amorphous silicates at the crossover between the 
atomic and the continuum scales. Previous atomic-scale simulations 
have recognized the existence of an inelastic zone around the crack 
tip [21,22] and have estimated its size; however, they did not pro-
vide a mechanical explanation for its origin, nor did they describe its 
structural signature.

Here, we show that we can clearly separate the two contributions to 
the fracture energy : (1) the energy required for surface formation — 
accounting for bond breaking and atomic relaxation near the surface 
—, and (2) the energy due to structural rearrangements extending 
much deeper into the material, over a distance of approximately 20 
Å. We also show that the latter process is best described as damage 
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rather than plasticity or nonlinear elasticity and that the relative con-
tributions match the experimental results. This approach offers a fully 
consistent framework for understanding fracture in amorphous silica, 
an archetype of brittle materials whose fracture mechanisms exhibit 
unexpected complexity.

While the macroscopic effect of crack-tip regularization is well 
known [23–26], its spatial extent is rarely characterized due to the 
complexity of experimental observations and the fact that existing 
studies are mostly focused on highly inhomogeneous materials [27,28]. 
As a consequence, this paper is among the first to not only demon-
strate the effect of this diffuse damage, but also to identify its spatial 
extent and provide a structural explanation for its existence. In doing 
so, it provides one of the first direct demonstrations of the diffuse 
damage concept employed in recently popular phase-field fracture 
techniques [29,30].

2. Methods

To explore the fracture properties of amorphous silica, the atomistic 
simulations employed the BKS potential [31] to model atomic interac-
tions and Wolf’s truncation method to handle Coulombic forces [32]. 
The BKS potential was shown to qualitatively but consistently describe 
the elastic and plastic mechanical properties of these systems [33,34]. 
Amorphous glass samples were generated by randomly distributing 
atoms within a periodic box. Molecular dynamics simulations were 
then performed to equilibrate, quench, and test the samples. Ather-
mal (quasi-static) deformations, pertinent for systems below the glass 
transition temperature, were applied through iterative energy mini-
mization using the conjugate gradient method [33]. This method is 
particularly well suited for the present study, as stable crack growth 
is governed by successive equilibrium configurations and is therefore 
largely unaffected by inertial effects.

Two types of simulations were conducted: (i) fracture propagation 
analysis; and (ii) free surface energy calculations.

2.1. Sample generation

The amorphous glass samples were prepared through a random 
sequential placement of atoms within a periodic simulation box. Fol-
lowing this, molecular dynamics simulations using the LAMMPS soft-
ware [35] were conducted to equilibrate, quench, and test the samples. 
In this study, we examined two sample sizes: a cubic box with a 
side length of 100 Å, and a rectangular cuboid with dimensions of 
400 × 300 × 100 Å3. After equilibration at 3000 K, the samples were 
quenched at a rate of 10 K/ps in an NPT ensemble to a final temperature 
of 10−5 K. The samples were then deformed in an athermal manner. The 
sample generation methodology and the potential function employed 
are detailed in Ref. [36].

2.2. Mechanical deformation

Fracture simulations were carried out on a 3D sample with dimen-
sions 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 = 400 × 300 × 100 Å3, containing 800k atoms, which 
was found to be large enough to capture initiation and propagation 
adequately. The initial defect, a rounded incision extends along the 𝑧
direction on a face normal to the 𝑥 direction. There is periodicity in 
the 𝑧 direction. For the boundary conditions on the 𝑥 and 𝑦 faces, a K-
field displacement was imposed, simulating uniaxial tension along 𝑦 at 
infinity. The crack then initiated and propagated along the 𝑥 direction 
as the loading parameter (𝐾𝐼 ) was increased.

To simulate crack propagation, the periodic boundaries in the 𝑥 and 
𝑦 directions were removed. An initial crack with a length of 100 Å 
and a radius of 𝑟𝑐 = 10 Å was introduced. The outer boundary atoms, 
constrained at a distance of 𝐻f ix = 15 Å, were displaced incrementally 
over 4000 loading steps according to the mode-I crack-tip displacement 
field given by Eq.  (1) until a stress intensity factor of 𝐾 = 2.2 MPa

√

m
𝐼

2 
was reached. This distance was chosen to be approximately 50 % larger 
than the cutoff distance of the interatomic potential, thereby preventing 
direct interactions between the constrained boundary atoms and the 
freely moving atoms within the specimen. 
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8𝜇𝜋

√
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(1)

where 𝑟 and 𝜃 are polar coordinates measured from the initial crack tip, 
𝜇 is the shear modulus, 𝜅 = 3−4𝜈, and 𝜈 is Poisson’s ratio. For the bulk 
sample, the elastic constants were determined as 𝜇 = 31.7 GPa and 𝜈 =
0.25. Note, that the largest displacement increment was smaller than 
0.01 Å, which is less than 1 % of the characteristic inter-atomic distance 
(𝑟𝑆𝑖−𝑂 = 1.61 Å). This ensured that the applied deformation remained 
independent of the step size. The chosen specimen dimensions were 
verified to be sufficiently large to avoid any significant influence of 
the outer boundaries on the crack-tip response. A schematic illustration 
of the initial sample and the deformed configuration is depicted in 
Fig.  1a and b, with a cut in the 𝑧 direction. During the progressive 
advance of the crack tip, 𝐾𝐼  acts solely as a loading parameter and 
does not retain its intrinsic physical meaning. This is not a limitation, 
since perfectly sharp crack tips cannot exist at the atomic scale due 
to the finite range of interatomic interactions. Consequently, fracture 
characterization necessarily deviates from the classical stress intensity 
factor framework.

2.3. Continuum damage

Local continuum quantities were computed using a physically based 
Gaussian convolution technique, commonly known as the coarse-
graining method [37,38]. This method offers the advantage of con-
serving both energy and mass during the homogenization procedure. 
With this technique, homogeneous fields for displacements, displace-
ment gradients, strains, rotations, stresses, and potential energy were 
obtained for both the initial (Lagrangian) and deformed (Eulerian) 
configurations. As a result, the following continuum quantities were 
available in both Lagrangian and Eulerian configurations: displace-
ments 𝑢, Hencky (logarithmic) strain tensor 𝜺, Cauchy stress tensor 𝝈, 
potential energy density 𝜓pot (sum of the atomic interactions) and mass 
density 𝜌.

To execute the convolution, the following Gaussian function (𝜙) was 
employed: 

𝜙 (𝑟) = 1
𝑤3𝜋3∕2

𝑒−
𝑟2

𝑤2 , (2)

where 𝑟 is the distance between the observation point and the atom, and 
𝑤 is the coarse-graining width. This function is normalized such that its 
integral in 3D equals 1. More details about the technique can be found 
in Refs. [36,39]. An example of the coarse-grained displacement in the 
𝑦 direction is illustrated in Fig.  1c. The choice of the CG width 𝑤 will 
be discussed in detail below.

We recall that from the simulations, the coarse-grained stress, strain, 
and local initial stiffness fields are available. We can calculate dam-
age in the mechanical sense [40] as the difference between the ac-
tual coarse-grained elastic energy (𝜓𝜖) and the undamaged energy 
components obtained from the strain field: 
𝜓𝜖 (𝐮, 𝑑) = (1 − 𝑑)2𝜓+

0 (𝜺 (𝐮)) + 𝜓−
0 (𝜺 (𝐮)) , (3)

with 𝑑 representing the damage, 𝜓+
0  and 𝜓−

0  representing the tensile 
and compressive parts of the undamaged strain energy densities. Note 
that we assume there is no damage in compression. We use the spectral 
energy decomposition [41] here because we found a failure surface 
in crack-free deformations that is comparable to that observed in 
atomic-scale simulations [33]. The undamaged elastic energy is com-
puted using the spectral decomposition of the strain tensor. First, the 
eigenvalues of the strain tensor are determined and decomposed into 
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Fig. 1. (a) A cut of the atomic-scale model displaying atoms of a 5 Å thickness. (b) Deformed configuration with the same cut with 𝐾𝐼 = 2.2 MPa
√

m. (c) 
Coarse-grained displacement field in the Lagrangian configuration, obtained via convolution, at the same loading state as in (b).
their positive and negative parts. The resulting components are then 
reconstructed in the original coordinate system using the corresponding 
eigenvectors: 

𝜓+,−
0 = 1

2
𝜺+,− ∶ 𝑪 ∶ 𝜺+,−𝐽𝐹 , (4)

where 𝐽𝐹  is the determinant of the deformation gradient tensor ac-
counting for volume changes, 𝑪 is the local elasticity tensor and the 
positive and negative strain tensors are defined as follows: 
𝜺+,− = 𝐐

⟨

𝜺̂
⟩+,−𝐐T, (5)

where 𝐐 is the matrix of eigenvectors and 𝜺̂ is the diagonal matrix 
containing the eigenvalues of the strain tensor 𝜺. The operators ⟨⋅⟩+
and ⟨⋅⟩− denote the positive and negative part functions, respectively.

Finally the damage is calculated as follows: 

𝑑 = 1 −

√

𝜓𝜀 − 𝜓−
0

𝜓+
0

, (6)

where we can see that 𝑑 evolves between 0 for the pristine and 1 for the 
fully damaged material. This variable represents the progressive loss of 
stiffness and load-bearing capacity of the material.

Under the assumption of linear elasticity, we can calculate the 
elastic strain energy density field1 as 

𝜓𝜖 = 𝜓𝜖,0 + ∫

𝜺

𝜺0
𝝈 ∶ 𝑑𝜺 ≈ 𝜓𝜖,0 +

1
2𝝈 ∶ 𝜺𝐽𝐹 , (7)

where 𝜓𝜖,0 is the initial strain energy density, which may be non zero, 
typically after quenching.

The local rigidity tensor (elastic moduli) (𝑪) were calculated by 
deforming the large sample in 6 elementary ways incrementally by 
𝛿𝜖 = 0.01 % until 0.5 % strain (3 compression, 3 simple shear). The 
local stresses were then correlated to local strains. This method, as 
used in Ref. [36] to correlate local soft spots to sodium distributions, 
employs the same numerical parameters. Further details are available 
in the aforementioned paper.

Damage is calculated in the Lagrangian configuration following 
principles of solid mechanics, as most quantities are better defined 
in the initial state. Only Cauchy stresses needed to be interpolated 
back from the deformed state because coarse-graining atomic pairs in 
the initial configuration that were no longer in contact often resulted 
in locally negative strain energy, which is physically impossible. This 
interpolation involved displacing grid points of the Lagrangian configu-
ration by their coarse-grained displacements, followed by interpolating 
stress values from the Eulerian grid to these displaced points.

To account for free surfaces in the Eulerian configuration that ap-
pear on the crack lips (or flanges), a correction multiplier was defined 

1 Capital 𝛹 is the global value integrated over the whole volume (𝑉 ), while 
small 𝜓 refers to local energy densities.
3 
based on the ratio of locally interpolated densities from the deformed 
configuration to those from the initial configuration: 𝜉 = 𝜌𝐿∕𝜌int𝐸 . This 
adjustment compensates for the absence of material at the free surfaces 
in the deformed configuration, ensuring accurate calculations when 
parts of the coarse-grained volume are empty.

As amorphous materials lack the ordered structure of crystals, initial 
local stresses can be found in the quenched material. We assume that 
these stresses store elastic energy, which is quantified and added to the 
deformation calculated during loading. The initial strain field can be 
calculated using linear elasticity as: 𝜺0 = 𝑪−1𝝈0, where 𝑪 is the local 
rigidity tensor and 𝝈0 is the local initial stress tensor obtained using the 
convolution technique described above. The initial elastic strain energy 
density was then obtained by 𝜓𝑒𝑙,0 = 1

2𝝈0 ∶ 𝜺0. Furthermore, all global 
stress components were relaxed to approximately zero during sample 
generation.

2.4. Free surface energy

In surface science, the free-surface energy, denoted by 𝛾, is defined 
as the excess energy associated with the creation of a new free surface 
and has units of energy per unit area. In the case of a crack, two 
opposing surfaces are created simultaneously; therefore, we quantify 
twice the surface energy, i.e., 2𝛾. To determine the energy required 
for free-surface formation, we employed a standard methodology com-
monly used in the literature [22]. A smaller sample was cut at different 
positions by displacing atoms along the 𝑦 direction in a periodic envi-
ronment, after which the periodic boundary condition in the 𝑦 direction 
was replaced with free surfaces. The energy of the sample was then 
minimized, and 2𝛾 was calculated by dividing the energy difference by 
the area of the newly created surfaces: 2𝛾 = 𝛥𝛹𝑝𝑜𝑡∕

(

𝐿𝑥𝐿𝑧
)

.
Furthermore, after energy minimization — performed in the same 

manner as for the mechanically deformed sample — local quantities 
were evaluated. Owing to the originally periodic nature of the problem, 
coarse-graining was carried out in the Lagrangian configuration, and 
continuity was assumed at both free surfaces to prevent averaging over 
the empty volume surrounding the sample.

2.5. Finite element scheme

In finite element formulations, damage is typically obtained by 
minimizing the total energy of the model with respect to the unknown 
degrees of freedom, namely the local damage variables. In the case 
of the phase-field approximation, the material properties — such as 
the critical fracture toughness (𝑔𝑐) and the internal length scale — 
are assumed to be known. Given the crack-driving force, i.e., the 
undamaged strain energy density, the governing differential equation 
can be solved to obtain the local damage field.

In this section, in contrast to the standard implementation, we 
determine the set of material parameters that best fits the damage field 
obtained using coarse-grained analysis by minimizing the difference 
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between this field and that computed using a finite element phase-field 
model.

To show how the discrete results can be fed into a continuum scale 
description, the damage field was recalculated using a Finite Element 
Update (FEMU) [42] scheme on 20 slices of the sample to capture the 
variation along the thickness. During this process, the fracture tough-
ness 𝑔𝑐 and a constant damage width 𝑙𝑐 were fitted to minimize the 
differences between the damage values obtained from coarse-grained 
molecular scale simulations and those calculated through a phase-field 
approach [29]. We assumed that the undamaged strain energy density 
𝜓0 is known at the atomic scale and minimized the internal energy of 
the system expressed as: 

𝛹int (𝐮, 𝑑) = ∫𝑉
𝜓𝜖 (𝐮, 𝑑) 𝑑𝑉 + 𝑔𝑐𝛤 (𝑑,∇𝑑) , (8)

where 𝛤  represents the crack surface. In the phase-field approach [43], 
it is approximated using a crack density function (𝛾𝛤 ): 

𝛤 = ∫𝑉
𝛾𝛤 (𝑑,∇𝑑) 𝑑𝑉 = 3

8𝑙𝑐 ∫𝑉

(

𝑑 + 𝑙2𝑐 |∇𝑑|
2) 𝑑𝑉 . (9)

The objective of the technique is to update the parameters of a 
constitutive model so that the results of the phase-field simulation, 
under appropriate boundary conditions, match as closely as possible 
the results obtained through atomic scale simulations in the sense of a 
given norm. We used an AT1 description for the phase-field model with 
a quadratic degradation function.

The FEMU method utilizes the undamaged tensile energy (𝜓+
0 ) to 

obtain the local phase-field damage variable. The approach involves 
iteratively adjusting the material properties, which are considered ho-
mogeneous in this case, to minimize the difference between the damage 
field obtained from the ratio of damaged to undamaged energies (𝐝MD) 
and the damage field from finite element calculations (𝐝FEM). 
𝜦 = argmin

[

𝐝MD − 𝐝FEM (𝜦)
]𝑇 [

𝐝MD − 𝐝FEM (𝜦)
]

, (10)

with 𝜦 =
[

𝑔𝑐 𝑙𝑐
]

. The iteration is done by solving the following 
linear equation system: 
𝐌𝑑𝜦 = 𝐛, (11)

with 

𝐌 =
[

𝜕𝐝FEM
𝜕𝜦

]𝑇 [

𝜕𝐝FEM
𝜕𝜦

]

,

𝐛 =
[

𝜕𝐝FEM
𝜕𝜦

]𝑇
[

𝐝MD − 𝐝FEM (𝜦)
]

.
(12)

The fracture properties were changed until the maximum change 
in error was smaller than 10−6. Additional minimizations were per-
formed from multiple initial parameter sets, yielding identical optimal 
solutions and thereby confirming the robustness and uniqueness of 
the identified parameters. The procedure was executed for 20 equally 
spaced 2D slices in the 𝑧 direction and for 22 equally spaced loading 
states.

In the literature [22], crack length is often calculated based on 
an assumed position of the crack tip, either from local density or 
using a singular Williams series fit. These methods are not sufficiently 
precise to describe the moving crack. Furthermore, they cannot capture 
multiple crack fronts. Here the FEMU approach provides a first method 
to determine the crack length which overcomes these drawbacks.

As a result, we were able to obtain the crack length, the frac-
ture toughness, and the internal length scale of the material from a 
single snapshot of deformation without accounting for the boundary 
conditions, relying solely on local quantities.

3. Results

3.1. Diffuse damage

In the case of purely elastic deformation, the local elastic energy 
density field 𝜓  is equal to the undamaged strain energy 𝜓 calculated 
𝜖 0

4 
Fig. 2. Damage field obtained from molecular simulations: (a) Distribution of 
damage in the middle plane of the sample. (b) Circles represent the damage 
profile along the 𝑦 direction at 𝑥 = 125 Å, fitted with a Gaussian function of 
maximum height 𝑑max and width 𝑙. (c) Variation of the fitted width 𝑙 along the 
crack and under different global loading states, color-coded by 𝑑max according 
to the colorbar. The blue region indicates 𝑙𝑐 identified using the Finite Element 
Update (FEMU) scheme based on the phase-field formulation (see Eq. (9)). 
While 𝑙𝑐 is a material parameter, the effective diffusion length 𝑙 of the damage 
field depends on the current damage state and may be smaller than 𝑙𝑐 for 
partially developed cracks. (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)

from the strain and the initial local elastic stiffness. In contrast, our 
results evidence a dramatic reduction of the local elastic energy density 
𝜓𝜖 over a large area surrounding the crack faces. This result is evidence 
for a significant evolution of the structure of the material around the 
crack tip.

Fig.  2a illustrates the damage distribution from molecular sim-
ulations in an 𝑥𝑦 plane slice of the simulation box after fracture 
propagation over ca., 150 Å. Fig.  2b shows a cross section along 𝑦 at 
𝑥 = 125 Å with a Gaussian fit from which the damage width 𝑙 is derived. 
Finally, Fig.  2c presents the damage width 𝑙 along the crack. The width 
varies but typically equals 20 Å along the crack faces. The color map 
indicates maximum damage values along the 𝑦 axis. Of course, for 
consistency, the CG width 𝑤 must be kept small compared to the width 
of the damage zone 𝑙.

As shown in detail in Appendix  A, we found that for 𝑤 = 3–5 Å, the 
mean value of 𝑙 remains the same, with only the fluctuation decreasing. 
At 𝑤 = 8 Å, the mean value starts to increase slightly, but this increase 
remains within the order of 10 %. As 𝑤 increases beyond 8 Å, the width 
of the damage zone, 𝑙, increases linearly with 𝑤. Subsequently we use 
the value 𝑤 = 8 Å which is approximately 3 times the size of a SiO4
tetrahedron.

The coarse-grained atomic scale simulations demonstrate that dam-
age around the crack is diffused rather than localized, extending into 
the material beyond the immediate crack tip. The diffusion width 𝑙 is 
notably larger than the CG width used to transition from atomic to 
continuum scales, indicating that the CG width is sufficient to capture 
local damage and small enough to expose the actual physical spread 
of damage. As shown Fig.  2c, the damage diffusion length grows as 
the crack propagates but ultimately converges to a saturated value 
where the crack is fully open (𝑑 = 1). Specifically, for fully opened 
cracks, the damage zone varies in width between approximately 16 
and 23 Å, reflecting a non-uniform distribution of damage that suggests 
its extent may be influenced by structural heterogeneities such as 
the ring structure, which governs the brittleness and the differences 
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Fig. 3. (a) Principal difference between damaging and plastic response. (b) 
Maximum stress ratio at 𝐾𝐼 = 2.2 MPa

√

m.

between short-range and medium-range order in glasses [44]. This local 
variability suggests that the diffusion length of damage is sufficiently 
small to be influenced by the underlying structural heterogeneity, and 
can therefore be regarded as a local material property rather than a 
global parameter.

Interestingly, the FEMU produced a damage width 𝑙𝑐 ranging from 
12 to 20 Å, depending on the loading state. This result correlates well 
with the observed coarse-grained damage width, even though 𝑙𝑐 is 
treated as a global parameter in the FEMU. This correlation suggests 
that, while damage diffusion is locally variable, the global parameter 
𝑙𝑐 effectively captures the average behavior of the damage width. 
When solving the homogeneous phase-field solution [41], a compa-
rable ≈2 nm regularization length was found based on experimental 
measurements.

3.2. Local plasticity

There are two essential phenomenological differences between dam-
aging and ductile behavior: (i) in damage, no plateau is observed; 
instead, the stress reaches a maximum and then decreases to zero with 
further loading; (ii) the elastic stiffness in damage is lost, while in plas-
ticity it is conserved upon unloading. These behaviors are illustrated in 
Fig.  3a.

Furthermore, to demonstrate that plastic effects are minimal during 
crack propagation, we present the von Mises stress divided by the 
maximum value throughout the entire loading process for a crack in 
Fig.  3b. The von Mises stress was computed from the homogenized 
stress tensor components. It is evident that in the damaged zone, this 
ratio tends to zero, indicating damage. In contrast, if the material were 
ductile, the ratio would have remained around 1. Furthermore, this is 
reinforced by the energy balance presented in Section 4, which shows 
that the unaccounted energies are minimal.

3.3. Free surface energy

The free surface energy (2𝛾) was determined using a smaller cubic 
sample with a side length of 100 Å. No significant size dependence was 
observed once the sample size exceeded 50 Å.

We determined 2𝛾 = 2.8 ± 0.2 J/m2. This value is notably larger 
than room temperature experimental measurements including humidity 
(≈0.5 J/m2) [12,45,46] but in agreement with calculated temperature 
variations [47] and correlates well with simulations using more so-
phisticated potentials [22]. The higher simulated value is consistent 
with the idealized dry surfaces considered in simulations, while exper-
imental measurements are strongly affected by surface hydroxylation 
and adsorbed moisture, which lower the effective fracture surface 
energy [48].

Having access to local quantities gives us a unique opportunity to 
identify the origin and the distribution of the changes due to the newly 
formed surface.
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Fig. 4. Distribution of free surface energy as a function of coarse-graining 
width. (a) Profiles of free surface energy along the 𝑦 axis for various coarse-
graining widths. (b) Mean value and standard deviation of the local free 
surface energy 𝛾, normalized by the global value.

By looking at atomistic displacements, we observe that after cut-
ting, equilibrium is reached through atomic displacements localized 
within a few interatomic distances from the surface. This finding aligns 
well with experimental observations of surface relaxation in crystals, 
where an exponential decay over the first few atomic layers has been 
reported [49].

Secondly, the local change in potential energy can be determined 
using a coarse-graining technique to estimate its spatial distribution. 
The coarse-graining was performed on the initial coordinates to main-
tain continuity, and the potential energy density values shown in Fig. 
4a were shifted to the center for clearer visualization.

Fig.  4a shows that as a function of coarse-graining width, the profile 
of 𝑑𝜓SFE changes and reflects the coarse-graining function. This result 
indicates that the energy change is localized near the surface, and this 
change does not diffuse into the sample. However, when integrating 
this change along the 𝑦 axis, we recover a local 2𝛾, whose mean value 
and standard deviation are displayed in Fig.  4b, normalized by the 
global value without coarse-graining. It is important to observe that the 
mean value, and thus the overall sum, is independent of the coarse-
graining width; only the finer details are lost when 𝑤 is increased. 
Consequently, when determining the overall change in surface energy, 
the coarse-graining procedure does not affect the results.

This increase in energy is a clear signature of a newly created 
surface. Unfortunately, in a mechanically deformed sample, changes in 
potential energy are masked by elastic deformation, i.e., the strain en-
ergy. Nevertheless, for purely elastic deformation, the potential energy 
𝜓pot is expected to be equal to the elastic energy 𝜓𝜀 defined in Eq. (7). 
In crack propagation, structural evolution — typically not accessible 
through purely elastic deformation — is reflected in deviations of 𝜓pot . 
We therefore introduce the difference, denoted 
𝜓FSE = 𝜓pot − 𝜓𝜀, (13)

reflecting the isolated free surface energy.
Fig.  5a shows the distribution of 𝜓FSE along the normal to the 

surface for the dissected sample. After coarse-graining, the profile width 
of 𝜓SFE is observed to be 8 Å, reflecting the convolution of the highly 
localized peak with the width 𝑤. A coarse-grained profile for the 
cracked samples, taken along the line indicated in (b), is also shown. 
The two coarse-grained 𝜓FSE distributions are similar. This observation 
suggests that the 𝜓FSE calculated in the fractured sample is the energy 
change due to the formation of the free surface. Fig.  5b depicts the free 
surface energy during crack propagation.

Since the energy localization is consistent across different sample 
conditions, it appears that the free surface energy 2𝛾 could also be 
an effective measure for assessing the area of newly formed cracks. 
Fig.  5c displays crack length calculated from the global sample free 
surface energy 𝛹FSE divided by 2𝛾. It is compared with the crack length 
determined by the FEMU based on the damage approach Eq.  (9). This 
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Fig. 5. (a) Profiles of free surface energy for different models. In red, values for the dissected sample are shown with a CG width of 8 Å. In black, results from 
the cracked and coarse-grained sample are shown at 𝑥 = 75 Å. (b) Free surface energy distribution at 𝐾𝐼 = 2.2 MPa

√

m. (c) Crack surface as a function of loading 
derived from 𝛹FSE and from phase-field calculations.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)
agreement between the two methods validates the use of 𝜓FSE as a reli-
able metric for quantifying crack propagation, providing an alternative 
to more traditional methods and offering precise measurements that 
align well with continuum-based models.

3.4. Structural signature

Atomic-scale simulations are a powerful tool because they provide 
not only global responses but also allow the user to probe the local 
structure, offering a unique way to identify the structural signature 
underlying global phenomena. Nevertheless, these results should be 
treated as material-specific and should not be generalized without 
further validation. Rather, they should serve as a basis for additional 
analyses when investigating other materials.

In order to identify the structural rearrangements associated with 
crack opening, two local quantities were calculated. As expected dur-
ing the opening of the network, changes were anticipated in both 
the ring structure of the glass and the coordination number of the 
network-forming silicon atoms.

To quantify changes in the ring structure, we employed the algo-
rithm proposed by Le Roux & Jund [50] to identify individual rings 
and monitor their evolution. Initially, each atom was assigned a value 
of 𝑑R = 0. If, compared to the initial configuration, a ring was no longer 
present in the deformed structure, all atoms belonging to that ring were 
assigned 𝑑R = 1. If an atom had already been associated with a broken 
ring, its value remained 1. Finally, a coarse-graining procedure was 
applied using a Gaussian smoothing kernel with a width of 𝑤 = 8 Å, 
resulting in Fig.  6(a).

The change in coordination number, 𝛿CN, was computed in a 
similar manner. First, the number of oxygen atoms within 1.7 Å of 
each silicon atom was counted in both the initial and deformed con-
figurations. These local coordination values were then coarse-grained 
using the same width 𝑤 = 8 Å. The difference between the initial and 
deformed coarse-grained values yielded the 𝛿CN field, shown in Fig. 
6(c).

When visualizing slices of each type of structural change, it becomes 
evident that ring damage exhibits a broader spatial extent, resembling 
phase-field damage. In contrast, changes in coordination number are 
more localized and narrow, akin to free surface energy distributions.

As a consequence, our analysis of the local structure revealed that 
diffuse damage is primarily associated with changes in the ring struc-
ture, whereas variations in free surface energy correlate with changes 
in the coordination number of silicon atoms.

4. Energy equilibrium

As noted in the introduction, experimental measurements have 
shown that the free surface energy resulting from surface relaxation 
6 
Fig. 6. (a) Coarse-grained fraction of broken rings. (b) Vertical profiles of ring 
damage and phase-field damage at 𝑥 = 125 Å. (c) Coarse-grained coordination 
number change, computed from silicon atoms. (d) Vertical profiles of coordi-
nation number change and free surface energy at 𝑥 = 75 Å. All data correspond 
to a loading condition of 𝐾𝐼 = 2.2 MPa

√

m.

accounts for only approximately 20 % of the energy required to open a 
crack. This section casts the free surface energy and the damage energy 
we have calculated at the atomic scale into a global energy balance to 
identify the origin of this discrepancy.

Fig.  7a illustrates the various energy contributions as a function of 
loading. The external work, 𝑊ext , is partitioned into several compo-
nents: the elastic strain energy, 𝛹𝜖 , and the free surface energy (FSE), 
𝛹FSE, whose sum is represented as 𝛹pot . Additionally, there is a small 
non-linear contribution, 𝛹etc, and a significant unquantified remainder. 
The non-linear energy contribution is determined by isolating the por-
tion of the elastic energy density that exceeds the local potential energy, 
which ideally remains positive under the assumption of linear elasticity. 
This excess energy contribution, is then subtracted from the total elastic 
energy. Notably, this contribution (represented by the dashed line) 
is small, suggesting that energy dissipation due to shear plasticity, 
densification or non-linear elasticity is indeed negligible. Under ten-
sile loading followed by fracture, these mechanisms contribute only 
marginally to the overall energy dissipation within the material.
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Fig. 7. Energy balance of the cracked sample as a function of the loading parameter. We note that 𝐾𝐼 loses its precise physical significance as the crack tip 
advances and should be regarded solely as a loading parameter. (a) Various energy contributions normalized by the thickness (𝐿𝑧): external work (𝑊ext), potential 
energy (𝛹pot), elastic strain energy (𝛹𝜀), surface free energy (𝛹SFE), and other unquantified contributions (e.g., plasticity, folding, and nonlinear elasticity). (b) 
Dissipation computed from the energy balance (𝛹𝑑) and crack surface energy obtained from phase-field calculations. (c) Fracture toughness evaluated using 
different methods. The blue shaded region indicates the range of experimental measurements reported in Refs. [2,12,51,52].  (For interpretation of the references 
to color in this figure legend, the reader is referred to the web version of this article.)
The difference between the external work and the elastic strain 
energy 𝑊ext − 𝛹𝜖 can be interpreted as the total dissipation caused by 
fracture, denoted as 𝛹d. This dissipated energy is shown in Fig.  7b (solid 
red curve) and compared to the dissipation derived from the FEMU 
fit through Eq. (8). Although the two methods are very different (the 
FEMU does not incorporate explicit knowledge of the external work), 
they provide very consistent results, highlighting the robustness of the 
determination of the total energy dissipation. Also shown in the same 
graph is the FSE, which clearly constitutes only a portion of the total 
dissipation.

Finally, Fig.  7c presents the fracture toughness (𝑔𝑐) as a function 
of loading, calculated using three distinct methods: the FEMU phase-
field fit (open circles), the energy balance approach (𝛹𝑑∕𝛤SFE) obtained 
from the coarse-grained atomic scale simulations and the J integral 
based on the coarse-grained stress and displacement fields (red filled 
circles). The J-integral is calculated as described in Appendix  B. The 
estimation of 𝛤SFE is less robust during the early stages of damage 
evolution, when the elastic and free-surface energy contributions are 
of similar magnitude. The accuracy improves as the crack opens and 
the two contributions become more distinct.

It is evident that the critical fracture surface energy remains consis-
tent across the three calculation methods. The resulting value yields a 
ratio of 2𝛾∕𝑔𝑐 ≈ 23 %: this value, which is determined at the atomic 
scale, matches the experimental findings [2,12,51,52].

5. Conclusion

This paper provides new insight into the origin of fracture toughness 
in amorphous silica, an archetype of brittle materials. We investigated 
the mechanisms responsible for the difference between free surface 
energy and fracture toughness in amorphous silica at the crossover 
between the atomic and the continuum scales. Using a combination of 
atomic scale simulations and phase-field modeling, we quantified the 
different contributions to energy dissipation during fracture. From a 
comprehensive energy balance analysis, we were able to clearly isolate 
the free surface energy term and identify an additional contribution. 
Our analysis shows that this contribution arises almost exclusively from 
damage rather than plastic deformation, contradicting the conventional 
assumption [12]. Notably, our calculations predict that this damage 
contribution exceeds the free surface energy by approximately a factor 
of 4, in agreement with experimental measurements.

These findings highlight that traditional views of fracture in brittle 
materials may overlook the subtle nature of mechanical dissipation in 
fracture of some amorphous materials. In particular they emphasize the 
dominant contribution of diffused damage in silicate glasses, aligning 
with experimental observations. These results also open new perspec-
tives beyond silicate glasses. For example, it would be interesting 
7 
to assess if these concepts apply to metallic glasses [53] which are 
known to span the transition from brittle to ductile fracture. Under-
standing how these mechanisms couple to fatigue or dynamic fracture, 
where inertial effects are no longer negligible, is also a question worth 
investigating. The phase-field description is uniquely qualified to iden-
tify damage in the presence of plasticity. Therefore, it offers a more 
nuanced perspective for future materials design, particularly in opti-
mizing the mechanical properties of brittle materials like amorphous 
silicates where, e.g., the addition of network modifiers may increase 
the contribution of plasticity.
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Appendix A. Effect of convolution length

One of the main findings of this paper is the identification of 
an emerging length scale from molecular simulations using a Gaus-
sian convolution. This homogenization process starts with a finite 
length, making it crucial to demonstrate that the results presented 
are essentially independent of the specific parameters used in the 
homogenization.

In this section, we explore how the width of the coarse-graining 
affects the results discussed in the main body of the article.

There are three key aspects that may be influenced by the homog-
enization process: (i) the elastic behavior, which indicates at what 
scale discrete atoms can be approximated as a continuum; (ii) the 



G. Molnár and E. Barthel Acta Materialia 317 (2026) 122525 
Fig. A.8. Impact of coarse-graining width on local elastic and potential energy 
densities in the material’s elastic state.  (For interpretation of the references 
to color in this figure legend, the reader is referred to the web version of this 
article.)

Fig. A.9. Effect of coarse-graining width on the damage diffusion width at 
𝐾𝐼 = 2.2 MPa

√

m in the middle plane.

diffusion width of damage; and (iii) the effect of the free surface on 
local potential energy.

Our findings indicate that for a minimal length scale of 𝑤 = 8 Å, 
the elastic strain energy matches the local potential energy. This result 
aligns well with our previous findings on local elasticity. Additionally, 
we show that a width of 𝑤 = 8 Å has minimal impact on damage 
diffusion. Lastly, we demonstrate that the free surface energy is highly 
localized on the surface, implying that while varying 𝑤 may alter the 
local maximum amplitude, it does not affect the overall sum of the 
energy change. Detailed explanations are provided below.

Fig.  A.8 depicts the local strain energy density (𝑑𝜓el) and potential 
energy density (𝑑𝜓pot) in black and red, respectively. The strain energy 
density is calculated from the stresses and strains, while the potential 
energy is coarse-grained from the atomistic values. These values are 
shown as a function of the global loading at a position in the sample 
that remains elastic during deformation. The descent of the curves in-
dicates unloading, not damage nor plasticity. Under elastic conditions, 
these two values are expected to match. However, as illustrated in Fig. 
A.8, if the homogenization length is too small, neither quantity is well-
defined. When calculating the surface free energy (𝑑𝜓SFE = 𝑑𝜓pot −
𝑑𝜓el), this can result in a negative value, particularly in regions of the 
model where it should be zero, which is clearly not possible. Therefore, 
elastic analysis provides a lower bound for the coarse-graining width, 
which is in the range of 𝑤 = 6–8 Å. We note that a similar length 
scale, 𝑤 = 8 Å, was found where local elasticity begins to be well-
defined [36]. This was explained by micro-irreversible rearrangements 
present in amorphous materials even in the initial elastic stage, which 
are included in the slope of the experimentally measured stiffness.

While for elasticity, the larger the coarse-graining width, the better 
the results represent a continuum, for localized damage, it hinders the 
identification of the extent of the diffused damage. Fig.  A.9 presents 
the width of the damage zone in the middle plane for 𝐾𝐼 = 2.2 MPa

√

m
with various coarse-graining widths along the crack.
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Fig. B.10. (a) Schematic illustration to calculate the J integral. (b) Character-
istic half contour width as a function of loading.

It is clearly visible that for 𝑤 = 3–5 Å, the mean value remains the 
same, with only the fluctuation decreasing. At 𝑤 = 8 Å, the mean value 
starts to increase slightly, but this increase remains within the order of 
10 %. Beyond this, as 𝑤 increases, the width of the damage zone, 𝑙, 
increases linearly.

To keep negative surface energies minimal and stresses well-
defined, we accepted a slight effect on the damage diffusion and chose 
𝑤 = 8 Å for subsequent analysis. It is important to note that the exact 
value of 𝑙 might be slightly smaller. This consideration is crucial as the 
exact value depends on the degradation function and the phase-field 
description.

Appendix B. J integral

The J integral, a contour integral, was originally proposed to deduce 
the energy liberated from an elastic body upon the potential advance-
ment of a sharp crack within a homogeneous and isotropic domain. 
Essentially, the contour integral provides the difference between the 
work done on the contour and the energy stored in the solid. The 
resulting difference, assuming a unitary, straight, horizontal crack ad-
vancement, gives the energy release rate. Its advantage at the time was 
that it captured the additional energy dissipated by ductile deformation 
and attributed it to the increment of fracture toughness. Therefore, the 
method is applicable in ductile cases.

In this paper, we use the J integral to gain an approximate de-
scription and to verify the critical fracture toughness identified by the 
phase-field damage model.

The contour integral is defined as: 

𝐽 = ∫𝛤𝐽

(

𝜓𝑒𝑙𝑛𝑥 − 𝐭 𝜕𝐮
𝜕𝑥

)

𝑑𝛤 , (B.1)

where 𝐭 = 𝐏𝐧 with 𝐏 being the coarse-grained first Piola–Kirchhoff 
stress tensor and 𝐧 the normal vector to the contour.

The contour integral was centered at the local maximum of the first 
principal stress peak in front of the crack. To approximate the effect of 
crack undulation multiple contours were used, with widths denoted as 
𝐿𝛤 . Finally, a sigmoidal fit, which transforms into a linear function for 
large 𝐿𝛤 , was applied: 

𝐽
(

𝐿𝛤
)

=
𝐽∞

1 + 𝑒−𝑏𝐿𝛤
+ 𝐿𝛤 𝑐 −

𝐽∞
2
. (B.2)

This fitting procedure is displayed in Fig.  B.10a.
Due to local damage and the inhomogeneous nature of the material, 

this contour integral is not well-defined at the crack tip. Additionally, 
the function exhibits a slight slope at larger contour sizes because 
the expected K-field is influenced by the model’s boundary conditions. 
Therefore, the results shown in Section 4 display 𝐽0, which is a linear 
interpolation of 𝐽 at 𝐿𝛤 = 0. Interestingly, this fit allows us to identify 
the length where the integral is valid and the response behaves closely 
to linear elastic fracture mechanics. This is done by intersecting the 
initial slope and the line from the final slope of Eq.  (B.2), as shown 
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in Fig.  B.10a. The length 𝑙𝐽  is displayed in Fig.  B.10b. It shows a 
similar size to where the material becomes treatable with linear elastic 
fracture mechanics when the contour becomes larger than the size of 
the diffused damaged zone.
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