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Motivation
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Energy release rate

Griffith (1921,1924)
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Motivation
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Toughness of metamaterials

QUESTION:
Can we calculate toughness 

based on an RVE?

Shaikeea et al. (2022), Nature Materials

Toughness of amorphous matter

Asymptotic analysis:

J integral
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Problem statement

3

• Critical load

• Fracture topology

• Various loading
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Beam model
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Modelling assumptions

• beams are flawless

• no stress 

concentration at joints

•

Euler-Bernoulli beams

σ t  <σ c
m

Nguyen et al. (2017)
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Beam model
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Toughness calculation

Lm

hm

σ c
m

σ c
M

gc
M ≈GM

?

Micro Macro
û
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Beam results
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Toughness calculation
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Beam results
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Effect of model geometry 
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Beam results
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Effect of microstructure and material

Beam height

Slenderness

GM ∼ gIrwin ≈
σ c
m( )2 hm
E

Young’s modulus Strength
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Question

Fracture toughness based on RVE?
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Continuum model
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Phase-field theory

2. Minimization problem

1. Brittle fracture (Griffith, 1920)c
S
a

g
a
y¶ ¶

- = =
¶ ¶

Π u,d( ) = g d( )ψ 0 ε u( )( )dΩ
Ω∫ +

3gc,M
8lc

d + lc
2 ∇d

2( )dΩΩ∫
(Ambrosio & Tortorelli, 1990)
(Bourdin et al., 2000)
(Amor et al., 2009)
(Miehe et al., 2010)

lc → 0   Γ  converges

crack energy
density

theoretical crack (d = 1)

damaged zone
(0 < d < 1)

(0 ≈ d) undamaged

Solving fracture mechanics problems with PDEs
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Continuum model
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Phase-field examples

Lazarus et al. (2008) Mode I+IIMode I+III

a b c

Molnár & Gravouil (2017)

Molnár et al. (2024)
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Continuum model
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Cosserat theory
New DOF: rotation Π u,φ,d( ) = g d( ) ⋅  ψ ε u,φ( )( )  dΩ

Ω∫ +W d ,∇d( )
New deformations

extension shear curvature uniform rotation of joints

(Cosserat & Cosserat, 1909)

φ
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Continuum model
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Multiple damage fields

Π u,d( ) = Ψ u,φ,gij di( )( )+ 3gc,M ,i
8lc,M ,i

di + lc,M ,i
2 ∇di

2( )dΩΩ∫
i=1

2

∑

Degradation functions

Ψ u,φ,gij di( )( ) = 12 ε T C gij di( )( )ε dΩ
Ω∫

C = g d1,γ 11( )C11
g d2 ,γ 22( )C22 ∅

g d2 ,γ 23( )C33
g d1,γ 14( )C44

sym. g d1,γ 55( )C55
g d2 ,γ 66( )C66
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Bleyer & Alessi (2018)
Scherer et al. (2022)

Lorentz & Godard (2011)
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Calibration
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Square grid in tension (Mode I)
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Experimental validation
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Principal orientations

Case 1 Case 2 Case 3 Case 4

Crack/Loading (⍺): 90°
Structure/Loading (β ): 90°
Crack/Structure : 0°
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Experimental validation
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Tension and shear
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Experimental validation
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Tension and shear

Case 1 Case 2 Case 3 Case 4

Crack/Loading (⍺): 90°
Structure/Loading (β ): 90°
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Conclusion /  Perspectives

Fracture in periodic beam lattices

• Toughness can be defined

• Follows continuum theories

• Homogenization
• Cosserat continuum
• Multiple damage variables
• Anisotropic phase-field
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Other lattice types, 3D, etc…

GM ∼ gIrwin ≈
σ c
m( )2 hm
E
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Thank you for your attention
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Please	visit

www.molnar-research.com
gergely.molnar@insa-lyon.fr

Try	it	out!
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