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Abstract As a remedy to pathological sharp crack
configurations such as strong singularities or anti-plane
shear cracks, where crack initiation is driven solely by
energy, a regularized crack description can be adopted
to study crack initiation. The nucleation of a regularized
crack at a V-notch is studied using the coupled criterion
through matched asymptotic expansions. The process
zone around the crack is described by crack regular-
ization usually employed in phase-field models. The
effective crack length increases with increasing regu-
larization length so that the incremental energy release
rate decreases, which in turn increases the critical gen-
eralized stress intensity factor at initiation. Decreasing
incremental energy release rate is also obtained with
increasing Poisson’s ratio. For a given material char-
acteristic length, it is shown that the initiation crack
length only depends on the V-notch angle and Pois-
son’s ratio. For a given geometry and Poisson’s ratio,
the initiation length is proportional to the regularization
length. The proposed description of regularized crack
initiation shows good correspondence to the general-
ized stress intensity factor obtained by phase-field cal-
culation, the only difference being in the description of
the process zone prior to crack initiation.
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1 Introduction

Phase field (PF) fracture models were originally devel-
oped to describe crack propagation by solving Grif-
fith’s approach (Griffith 1921, 1924) revisited as a
global minimization problem (Francfort and Marigo
1998). This is done through a regularized description
of the crack by a diffused damage zone which extent
is controlled by a regularization length. This length is
an additional input to the critical energy release rate
(ERR) which is already used in linear elastic fracture
mechanics (LEFM). PF models thus naturally retrieve
Griffith’s approach when LEFM assumptions are veri-
fied, i.e., for a sufficiently large pre-existing crackunder
pure opening mode (Molnár et al. 2022). In addition,
thesemodels also have the ability to deal with crack ini-
tiation, which is one of the main limitations of LEFM
since in this case, not only energy but also a stress cri-
terion must be considered (Leguillon 2002). An illus-
trative example of the latter assertion is crack initiation
at a notch that has a V-shape with an angle β. When
β = 180 deg. (i.e., the case of a crack-less flat edge),
there is no singularity and a strength criterion prevails
to study failure and crack initiation. On the contrary,
a β = 0 deg. angle corresponds to a crack for which
propagation may be assessed by an energy criterion.
For intermediate 0 < β < 180 deg. angles, crack initi-
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ation cannot be predicted employing solely a stress or
an energy criterion. In this case, both criteria must be
satisfied at a finite length to assess the V-notch crack
initiation.

Aparticular case of crack initiation iswhen homoge-
neous stress fields are considered. For a given stress tri-
axiality, a value of the material strength can be defined.
It results in the definition of the material strength sur-
face, which thus represents the failure stresses for dif-
ferent triaxiality ratios in the principal stress or strain
space. Under uniaxial tension, the PF regularization
length can be determined so as to achieve nucleation
at a stress magnitude corresponding to the material
tensile strength, thus interpreting the length scale as
a material parameter (Amor et al. 2009; Borden et al.
2012; Mesgarnejad et al. 2015; Pham et al. 2017). A
reasonnable comparison between PF predictions and
experiments can then be achieved by setting the regu-
larization length based on the material tensile strength
only, for instance to assess crack nucleation at a notch
(Tanné et al. 2018). Nevertheless, this description may
only be valid for a specific uniaxial loading, i.e., one
particular point of the strength surface. In turn, such a
choice of the regularization length may result in incor-
rect failure strength prediction for other triaxial load-
ing conditions. As a matter of example, significantly
different regularization lengths were identified for the
same material loaded under different biaxiality ratios
by Abaza et al. (2022).

It was previously shown that under homogeneous
stress state, the regularization length can explicitly be
written as the product between Irwin’s length and a
functiondependingonbothPoisson’s ratio and theprin-
cipal stress ratios (Molnár et al. 2020, 2022).Moreover,
it was found that this relation remains verified even
under opening, in-plane or out-of-plane shear mode
loadings (Molnár et al. 2020, 2024). Based on this
finding, one way to define the strength surface in PF
models consists in adapting the regularization length
depending on the local stress state to follow the desired
strength surface (Doitrand et al. 2023). Kumar et al.
(2020) explicitly defined the strength surface as an
input parameter of the PFmodel, in addition to the criti-
cal ERRand the regularization length. Thiswas doneby
adding an external driving force describing the strength
surface. Reasonable comparison between the PF sim-
ulations and experiments was obtained. It required, for
each confrontation to an experiment, the calibration of

an additional parameter allowing to retrieve Griffith’s
approach in casewhenLEFMassumptions are fulfilled.

Another alternative to define the fracture strength
surface in a PF model consists in adapting the energy
decomposition (De Lorenzis andMaurini 2022; Vicen-
tini et al. 2024) choosing for instance volumetric-
deviatoric (Amor et al. 2009), spectral (Miehe et al.
2010) or no-tension (Freddi and Royer-Carfagni 2010)
decompositions. It was shown that a given energy
decomposition calibrated to a fixed strength surface,
still conserving the relation between the regularization
length and the strength magnitude for this strength sur-
face shape. In particular, an energy decomposition was
proposed to retrieve Drucker–Prager strength surface
(De Lorenzis andMaurini 2022) by adding a parameter
controlling the shear or compressive to tensile strength
ratio.

All the approaches mentioned above mainly rely on
the idea of a coupling between energy and strength
aspects to assess crack nucleation. This idea was actu-
ally the cornerstone of the so-called coupled crite-
rion (CC) developed by Leguillon (2002) to address
the shortcomings of LEFM in evaluating crack ini-
tiation. So far, the coupled criterion appears as an
efficient model for understanding the details of crack
initiation (Weißgraeber et al. 2016; Doitrand et al.
2024). It is particularly emphasized when the CC is
implemented through matched asymptotic expansions
(Leguillon 2002; Yosibash et al. 2006; García and
Leguillon 2012; Leguillon and Yosibash 2017; Fel-
ger et al. 2019; Doitrand et al. 2020; Jiménez-Alfaro
and Leguillon 2022; Doitrand et al. 2023) as it yields
direct access to the local loading in terms of General-
ized Stress Intensity factors (GSIF) and provides a clear
understanding of the stress and energy contribution to
crack initiation. Previous works focused on compar-
ing the CC to other approaches involving a regularized
crack description, such as the Thick Level Set (TLS)
(Zghal et al. 2018). It was shown that TLS and CC pro-
vided close apparent initiation strengths for V-notches
or cavities. The CC and PF approaches were also com-
pared, for instance for crack initiation under Hertz
indentation (Strobl et al. 2017; Strobl and Seelig 2020),
in the case of thin ply laminates cracking (Reinoso
et al. 2017) or bending failure of notched specimens
(Abaza et al. 2022). Both models were also confronted
under mode I, mode II and mode III crack initiation
conditions (Molnár et al. 2020, 2024). It was shown
that the correlation between the regularization length
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and Irwin’s length determined by the homogeneous PF
solution could also be extended to configurationswhere
the damage gradient is not negligible, evidencing that
the PF approach also fulfills both energy and strength
criteria. These confrontations highlighted the question
whether initial phase-field boundary conditions should
be prescribed or not to accurately represent crack intia-
tion at a singularity. For instance, it was evidenced that
initial phase field boundary conditions were required in
order to retrieve Griffith’s solution in the case of a suf-
ficiently long crack (Molnár et al. 2020) or to retrieve
the CC in the case of a V-notch (Doitrand et al. 2023).

In some configurations, the initiation loading pre-
dicted by the CC is insensitive to the tensile strength,
for instance in cases corresponding to strong singu-
larities, i.e., when the ERR is a decreasing function
of the crack length (Leguillon et al. 2000; Leguil-
lon and Murer 2012; Aranda and Leguillon 2023).
In these configurations, the IERR tends to infinity as
the crack length vanishes and the stress criterion is
always satisfied. Another example is a semi-infinite
sharp crack under anti-plane shear loading, for which
the stress criteriondoes not influence the initiation load-
ing (Doitrand et al. 2023). Since the energy release
rate is maximum for rectilinear propagation (Mittel-
man and Yosibash 2014, 2015), it fails to reproduce
the experimentally observed inclined facets (Pham and
Ravi-Chandar 2016). In these configurations, the CC
reverts solely to an energy criterion and the effect of
length disappears. In these kinds of configuration, an
ingredient is missing to accurately capture the crack
topology (Doitrand et al. 2023; Molnár et al. 2024),
which could possibly be overcome by regularization of
the sharp crack. The objective of this work is thus to
make a step forward in the understanding of regular-
ized crack initiation through the scope of the coupled
criterion. The initiation of a regularized crack ahead
of a sharp V-notch tip is studied by means of matched
asymptotic expansions. The configuration under inves-
tigation is presented in Sect. 2. Section3 focuses on
incremental energy release rate calculation based on
matched asymptotic expansions. Section4 presents the
CC application to a regularized crack. The influence of
the V-notch angle and Poisson’s ratio is finally given in
Sect. 5, together with a comparison to PF calculations.

2 Regularized crack

2.1 Crack initiation at a V-notch

We study the problem of 2D regularized crack initi-
ation at a V-notch under plane strain conditions and
pure opening mode in a homogeneous isotropic brittle
material (Young’smodulus E , Poisson’s ratio ν, critical
ERR Gc, tensile strength σc), the V-notch angle is noted
β (Fig. 1). The material is assumed to follow Rankine’s
strength surface (i.e., with a stress state independent
critical strength).

Instead of a purely sharp description, the regularized
crack is represented as a diffused damage zone around
a sharp crack of nominal length � (Fig. 1a). The diffuse
damage zone around the sharp crack is defined using
the crack regularization usually employed in PF mod-
els (regularization length �c), by prescribing d̂ = 1
PF boundary conditions along the sharp crack faces.
The definition of the damage diffusion around the sharp
crack ahead of the V-notch tip is done by solving the
phase-field problemwithout the elastic energy. The dif-
fuse damage topology results in a process zone around
the crack where the damage variable d varies between
1 (at the crack faces) and 0 (out of the process zone).
The effective crack length �eff of the regularized crack
is defined as:

�eff =
∫

�

1

cω�c
(ω(d) + �2c |∇d|2)d�, (1)

where cω = 8/3 and ω(d) = d. In this study we use
the AT1 PF formulation. Implementation details can
be found in the paper (Molnár et al. 2022). The dimen-
sionless effective length ξeff = �eff/� can be computed
as a function of the dimensionless regularization length
ξ = �c/�. It can be noted that ξeff → 1 when ξ → 0,
or equivalently �eff → � when �c → 0, thus retrieving
the sharp crack description for vanishing regularization
length and process zone.

2.2 Regularization length

The proposed model enables implementing the cou-
pled criterion to study the initiation of a regularized
crack. It provides us with the option of using 3 param-
eters (i.e., critical energy release rate, tensile strength
and regularization length).But the regularization length
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Fig. 1 a Representation of the regularized crack as a process
zone (hatched zone described by the regularization length �c) in
which the damage variable d varies between 1 (fully damaged)
and 0 (pristinematerial) extending around a sharp crack (nominal

length �) at a V-notch tip (angle β). b Dimensionless regulariza-
tion crack length ξ = �c/� when the coordinates are normalized
by the sharp crack length (normalized length 1)

can also be chosen so as to retrieve a strength surface
described in the principal stress space by σ f (σI I /σI )

(Molnár et al. 2020, 2022) following the relation:

σ f

(
σII

σI

)
= η

(
ν,

σII

σI

) √
EGc
�c

, (2)

where η is the normalized tensile strength which
depends on the principal stress ratio and on the Pois-
son’s ratio. Numerical implementations to compute η

are available in Molnár et al. (2020, 2022). In the case
of a Rankine strength surface, σ f (

σII
σI

) = σc ∀ σII
σI
, so

that the regularization length can be written as a func-
tion of Irwin’s length �mat = EGc

σ 2
c
:

�c = η

(
ν,

σII

σI

)2

�mat. (3)

The function η can be computed by determining the
principal stress ratio given the V-notch angle. Since we
focus on opening mode crack initiation, the principal
stress ratio is computed along the V-notch bisector. It
is thus independent of the distance to the V-notch tip

and only depends on the V-notch angle and singularity
exponent λ. The principal stress ratio writes (Yosibash
et al. 2006):

σII
σI

= (1 − λ) sin((2π − β)(1 − λ)/2) + (3 − λ) sin((2π − β)(1 + λ)/2)

−(1 − λ) sin((2π − β)(1 − λ)/2) + (1 + λ) sin((2π − β)(1 + λ)/2)
.

(4)

The characteristic exponent λ, solution of the equation
sin((2π − β)λ) + λ sin(2π − β) = 0 (Leguillon and
Sanchez-Palencia 1987), is given as a function of the
V-notch angle in Fig. 2a.

Figure 2b shows the ratio σII
σI

as a function of the
V-notch angle, which is a decreasing function varying
from 1 for β = 0 deg. (equibiaxial stress state for a
crack under tension) to 0 for β = 180 deg. (uniaxial
stress state for a flat edge under tension). It determines
the variation of η as a function of the V-notch angle
and Poisson’s ratio values (Fig. 2c). In particular, for
β = 180 deg., the value of η are the one correspond-
ing to uniaxial tension. Given the material characteris-
tic length �mat, the V-notch angle (or equivalently the
principal stress ratio) and the Poisson’s ratio, the char-
acteristic length is finally determined using Eq. (3).

123



Understanding regularized crack initiation through the lens of finite fracture mechanics…

Fig. 2 a Mode I characteristic exponent, b Principal stress ratio ( σII
σI
) and c function η linking the regularization length and Irwin’s

length for different Poisson’s ratios ν, as a function of the V-notch angle β

3 Incremental energy release rate

3.1 Matched asymptotic expansion

In the matched asymptotic approach, two configura-
tions are studied. The first configuration is at the spec-
imen scale, in which the regularized crack that initi-
ates can be neglected since it is small with respect
to the specimen dimensions. The second configura-
tion focuses on a zone close to the initiation crack,
disregarding the whole specimen geometry. The dis-
placement fields are sought for both configurations and
then matched in an intermediate zone to obtain the full
solution considering both the whole specimen geome-
try and the small crack. We thus consider a two-scale
problem to solve under plane strain conditions and lin-
ear elasticity. The first problem is written at the scale of
the specimen. The displacement field U�,�c (the super-
scripts � and �c refer to the presence of a regularized
crack, i.e., a process zone described by �c around a
sharp crack of nominal length �) is the solution of the
following set of equations:

⎧⎪⎪⎨
⎪⎪⎩

−∇ · σ(U�,�c ) = 0,
σ (U�,�c ) = C : ∇U�,�c ,C is the stiffness tensor,

σ(U�,�c ) · n = 0 along the free edges, n
is the normal vector to the free edges.

(5)

It is assumed that the initiation crack length � and the
process zone length �c are in the same order of mag-
nitude, and relatively small compared to the specimen
dimensions, this assumption has to be checked after-
wards to ensure the validity of the matched asymptotic
approach. Sufficiently far from the V-notch tip, the dis-

placement and stress distributions are not much influ-
enced by the presence of the small regularized crack.
Therefore, the actual solution can be approximated by
the solution without the regularized crack, which only
requires a small correction to be brought close to the
V-notch tip:

U�,�c(x1, x2) = U0(x1, x2) + small correction, (6)

where U0(x1, x2) is the solution of an idealized prob-
lem without crack. The small correction is actually
determined by solving the second problem, close to
the crack tip, detailed in the sequel. It decreases to 0
when � tends to 0 and when moving away from the
V-notch tip. This approximation constitutes the outer
field, which is valid except near the V-notch tip. In the
case of a V-notch, the mode I asymptotic displacement
field depends on a characteristic exponent λ and a cor-
responding mode u(θ), that are obtained solving an
eigenvalue problem (Leguillon and Sanchez-Palencia
1987), as KIrλu(θ)+o(rλ). KI represents the V-notch
Generalized Stress Intensity Factor (GSIF). The dis-
placement field in the V-notch specimen can thus be
written as:

U0(x1, x2) = U0(0, 0) + KIr
λu(θ) + o(rλ) (7)

To have a detailed form of the actual solutionU�,�c , the
initial domain is rescaled by 1/�. The new dimension-
less space variables are defined as yi = xi/�. As � tends
to 0, we obtain the inner domain, which is unbounded
and in which the dimensionless crack length is 1 and
the dimensionless regularization length is defined as
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ξ = �c/�. The inner domain is depicted in Fig. 1b. The
actual solution is assumed to expand in the following
way:

U�,�c(x1, x2) = U�,�c(�y1, �y2) = F0(�)V0(y1, y2, ξ)

+ F1(�)V1(y1, y2, ξ), (8)

with

lim
�→0

F1(�)

F0(�)
= 0. (9)

The V i, which form the inner field, are solutions of
the problems prescribed at infinity. They must match
with the behaviour of the far field at infinity. As a
consequence, there is an intermediate zone, close to
the V-notch tip in the outer expansion and far from it
the inner expansion where both expansions given in
Eqs. (6) and (8) hold true. The matching of the terms
in Eqs. (7) and (8) results in:

⎧⎪⎪⎨
⎪⎪⎩

F0(�) = 1,
V0(y1, y2, ξ) = U0(0, 0),
F1(�) = KI�

λ,

V1(y1, y2, ξ) ≈ γ λu(θ),

(10)

with the normalized polar coordinate γ = r/�. The
symbol ≈ means that V1 behaves like γ λu(θ) at infin-
ity, it can thus be written as:

V1(y1, y2, ξ) = γ λu(θ) + V̂
1
(y1, y2, ξ). (11)

It is necessary to prove that V̂
1
(y1, y2, ξ) exists and ver-

ifies the equilibrium equations. By combining Eqs. (8)
and (10) into Eq. (5), and noting that the V-notch faces

remain stress free in the inner domain, V̂
1
is solution

to the following problem:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−∇y · σ̂ = 0 where ∇x = 1
�
∇y,

σ̂ = C : ∇yV̂
1
,

σ̂ · n = 0 along the V-notch edges,
σ̂ · n = −(C : ∇yγ

λu(θ)) · n along the crack edges,

V̂
1
decreases at infinity.

(12)

There is a unique solution with finite energy to
this system of equations (Leguillon and Sanchez-

Palencia 1987) (extension of Lax–Milgram theorem
to unbounded domains). The finite energy solution
implies that the solution decreases to 0 at infinity.
Finally, the expansion writes:

U�,�c(x1, x2) = U�,�c(�y1, �y2) = U0(0, 0)

+ KI�
λ[γ λu(θ) + V̂

1
(y1, y2, ξ)].

(13)

The change in elastic strain energy due to regular-
ized crack initiation is thus written as (Leguillon and
Sanchez-Palencia 1987; Labossiere and Dunn 1999)

−δWel = �(U�,�c(x1, x2),U0,0(x1, x2)), (14)

where

�(f , g) = 1

2

∫
�

[σ(f ) · n · g − σ(g) · n · f ]ds. (15)

The path independent integral � is defined on �, a
closed contour surrounding the studied crack initia-
tion location, starting and finishing on the V-notch free
faces. The inwards normal to this contour is noted n.
The elastic strain energy variation thus writes:

−δWel = K 2
I

E
�2λA(ξ, ν), (16)

where A(ξ, ν) depends on the dimensionless regular-
ization length, V-notch angle and Poisson’s ratio.

The incremental energy release rate (IERR) for a
regularized crack is defined as:

Ginc = −δWel

�eff
= K 2

I

E
�2λ

A(ξ, ν)

�eff
= K 2

I

E
�2λ−1 A(ξ, ν)

ξeff(ξ)

= K 2
I

E
�2λ−1Aeff(ξ, ν). (17)

The dimensionless IERR Aeff = A(ξ, ν)/ξeff can be
obtained by computing the elastic strain energy differ-
ence between uncracked and regularized cracked states
in the inner domain for a given dimensionless regular-
ization length, which is detailed in next section.
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3.2 Numerical calculation of Aeff

The dimensionless IERR Aeff is computed using the
Finite Element (FE) method in the inner domain which
is artificially bounded at a distance large with respect
to ξ and 1 (the dimensionless crack length in the inner
domain). For a given V-notch angle, a regularization
length and a Poisson’s ratio, Aeff is obtained by cal-
culating the elastic strain energy difference between a
configuration without crack and a configuration with
a regularized crack. Note that this method is equiva-
lent to directly computing the contour integral given in
Eq. (14). FE calculations are performed under small
deformation assumptions. Dirichlet boundary condi-
tions corresponding tomode I asymptotic displacement
fields around a sharp V-notch are prescribed on the
inner domain boundary. The mesh consists of linear 4-
nodes elements. It is refined both near the initial sharp
crack and in the process zone so that the mesh size is at
least 1/10 of the dimensionless regularization length
and at least 1/100 of the dimensionless sharp crack
length. Differences in the IERR smaller than 1% are
obtained for a finer mesh. The IERR requires both the
calculation of the elastic strain energy difference and
the dimensionless effective crack length. The latter is
shown as a function of ξ for several V-notch angles in
Fig. 3a.

The larger the dimensionless regularization length,
the larger the effective crack length as it covers a larger
process zone. For a given dimensionless regularization
length, the effective length is also larger for smaller
V-notch angle. It is worth noting that whatever the V-
notch angle, as ξ → 0, the effective crack length tends
towards 1, i.e. the dimensionless sharp crack length in
the inner domain. Thus, the proposed description of
the regularized crack tends towards the description of
a sharp crack when the regularization length vanishes.
The dimensionless IERR Aeff is shown as a function
of ξ for different V-notch angles (ν = 0.36, Fig. 3b)
and for different Poisson’s ratio (β = 90 deg., Fig. 3c).
Overall, it is a decreasing function of the dimensionless
regularization length and of the Poisson’s ratio. Never-
theless, it may exhibit an increasing (ξ > 5, Fig. 3b) or
non-monotonous (ξ < 5, Fig. 3b) variation as a func-
tion of the V-notch angle. The FE calculation in the
inner domain also provides the variation of the stress
along the crack path before initiation. Choosing a nor-
malization of the asymptotic displacement and stress
fields so that σθθ (θ = 0, � = 1) = 1, the stress field

writes, based on the expansion before crack initiation:

σ(�) = KI�
λ−1, (18)

Thematched asymptotic approach thus enables the cal-
culation of the stress variation along the crack path prior
to crack initiation as well as the elastic strain energy
change as a function of the dimensionless regulariza-
tion length. These two functions are used in the sequel
to implement the coupled criterion to assess crack ini-
tiation.

4 The coupled criterion

The CC states that crack initiation occurs if two condi-
tions are fulfilled (Leguillon 2002):

• the stress must be larger than the material strength
σc along the crack path before initiation: σ(y) ≥
σc ∀ y < �,

• the IERR must be larger than the critical ERR:
Ginc(�) ≥ Gc.

Applying the coupled criterion consists in coupling
both above-mentioned conditions, which results in the
following equation system to be solved:

{
K 2
I
E �2λ−1Aeff(ξ) ≥ Gc,
KI�

λ−1 ≥ σc.
(19)

The two unknowns are the crack length and the GSIF.
Solving this system thus provides the initiation crack
length �i and the apparent GSIF at initiation KIapp.
Combining both equations finally yields the equation
that must be solved to determine the dimensionless reg-
ularization length ξc and the corresponding initiation
crack length �i:

�i = �c

ξc
= EGc

Aeff(ξc)σ 2
c

= �mat

Aeff(ξc)
. (20)

As recalled in Sect. 2, the defined relation between �c
and �mat through �c = η2�mat enables determining the
equation to be solved to determine the dimensionless
regularization length ξc, and thus the initiation length
�i. The previous equation rewrites as:

Aeff(ξc)

ξc
= 1

η2
. (21)
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Fig. 3 a Effective crack length �eff and b, c normalized IERR
obtained for b different V-notch angles and c different Poisson’s
ratio, as a function of the dimensionless regularization length ξ .
The disk symbols in b, c represent the normalized IERR value

for a sharp crack and the triangle symbols represent the initia-
tion regularization length obtained when applying the CC (see
Sect. 4)

Equation (21) is solved using Newton’s method to
determine the dimensionless regularization length and
the corresponding initiation crack length. Finally, the
apparent GSIF at initiation is obtained as:

KIapp =
(

EGc
Aeff(ξc)

)1−λ

σ 2λ−1
c . (22)

5 Results

The CC is applied to study regularized crack initiation
at a V-notch. It first requires solving Eq. (21) to deter-
mine the dimensionless initiation regularization length
ξc. It can be noted that ξc only depends on the V-notch
angle and Poisson’s ratio. It means that for fixed V-
notch angle and Poisson’s ratio, it is mathematically
shown that the initiation length is proportional to the
regularization length, which confirms a result previ-
ously observed through the comparison between CC
and PF simulations (Molnár et al. 2020).

5.1 Influence of Poisson’s ratio

Figure 4a shows ξc as a function of the Poisson’s
ratio for β = 90 deg. V-notch angle, also represented
in Fig. 3c. Increasing the Poisson’s ratio induces an
increase in the initiation dimensionless regularization
length. As a matter of illustration, the process zone
obtained for different normalized regularization length

are shown in Fig. 4c. Considering or not the regulariza-
tion, the dimensionless IERR is a decreasing function
of the Poisson’s ratio (Fig. 4).

Whatever the Poisson’s ratio, the crack regulariza-
tion induces a decrease in the dimensionless IERRcom-
pared to the case of a sharp crack. The decrease in the
IERR is more important for large Poisson’s ratios. A
decrease in the IERRnecessarily results in a larger initi-
ation loading so that the IERR reaches the critical ERR.
It is illustrated in Fig. 5a which shows the ratio between
the initiation GSIF obtained in the cases of a regular-
ized (K PF

Iapp) or a sharp (K 0
Iapp) crack. The increase in

initiation GSIF due to the crack regularization is high-
lighted whatever the Poisson’s ratio and it is larger
for larger Poisson’s ratio. The corresponding initiation
length variation as a function of the Poisson’s ratio is
shown in Fig. 5b. Considering or not the regularization,
the initiation length increaseswith increasing Poisson’s
ratio. Regularized crack initiation results in a larger
initiation length than in the case of sharp crack initi-
ation, the difference between both cases being higher
for larger Poisson’s ratio.

5.2 Influence of V-notch angle

Figure 6a shows ξc as a function of the V-notch angle
for ν = 0.36Poisson’s ratio, also represented inFig. 3b.

The V-notch angle seems to have a moderate influ-
ence on the initiation dimensionless regularization
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Fig. 4 Dimensionless a initiation regularization length ξc and b
IERR as a function of the Poisson’s ratio ν for fixed β = 90 deg.
V-notch angle. c Illustration of the process zone obtained for

dimensionless initiation regularization lengths in the case of
β = 90 deg. V-notch angle and (left) ξc = 0.9, (middle) ξc = 2
or (right) ξc = 4. The dimensionless sharp crack length is 1

length, which lies between 1.6 and 2.1 for the con-
sidered V-notch angles.

The resulting process zone has nevertheless a signifi-
cant influence on the normalized IERRwhichdecreases
compared to the case of a sharp crack (Fig. 6b). The
decrease in IERR is more important compared to the
sharp crack case as the V-notch angle decreases. As
a consequence, the ratio between the initiation GSIF
obtained in the cases of a regularized or a sharp crack
decreases with increasing V-notch angle and the pres-
ence of a process zone results in a larger initiationGSIF
than for a sharp crack. Figure7b shows the initiation
length as a function of the V-notch angle. Again, the
presence of the process zone results in a larger initia-
tion length compared to sharp crack initiation length,
which increases with increasing V-notch angle.

5.3 Comparison with PF calculations

We now compare the proposed CC approach for regu-
larized crack initiation to PF calculations, considering
a three-point bending specimen studied in Abaza et al.
(2022) as a matter of example. The specimen geometry
is depicted in Fig. 8a.

The specimen dimensions are L = 8mm, h = 2mm
and an = 0.4mm. The ceramic specimen is made of
3YSZ (Young’s modulus: E = 214GPa, Poisson’s
ratio ν = 0.31, critical energy release rate Gc =
110 J/m2 and tensile strength σc = 583MPa). Four
V-notch angles (0, 60, 90 and 120 deg.) are consid-
ered. The PF implementation proposed in Molnár et al.
(2022) is used with a spectral energy decomposition
(Bernard et al. 2012) and AT1 model. In the PF calcu-
lation, the regularization length is adjusted depending
on the V-notch angle so as to ensure a Rankine strength
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Fig. 5 Influence of the Poisson’s ratio ν on a the ratio between
the initiation GSIF obtained for a regularized (KIapp) or a sharp

(K 0
Iapp) crack and b the initiation length to material characteris-

tic length ratio with (triangle symbols) or without (disk symbols)
regularization

Fig. 6 Dimensionless a initiation regularization length ξc and b IERR as a function of the V-notch angle β for fixed ν = 0.36 Poisson’s
ratio

surface based on Eq. (2). It results in the regularization
lengths given in Table 1.

The load–displacement curves corresponding to the
studied cases obtained with the PF model are linear up
to failure that corresponds to a sudden force drop to
zero. The apparent GSIF at initiation is then calculated
basedon themaximumforce before failure (Abaza et al.
2022). The initiation GSIF obtained by PF calculation

are shown as a function of the V-notch angle in Fig. 8b,
which also depicts the initiation GSIF obtained with
the proposed approach using the CC, with and without
crack regularization. Considering regularization or not,
similar trends are obtained using both methods. In case
regularization is disregarded, a lower initiation GSIF is
obtained, the difference with the regularized crack ini-
tiation GSIF decreasing with increasing V-notch angle.
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Fig. 7 Influence of the V-notch angle β on a the ratio between
the initiation GSIF obtained for a regularized (KIapp) or a sharp

(K 0
Iapp) crack and b the initiation length to material characteris-

tic length ratio with (triangle symbols) or without (disk symbols)
regularization

Fig. 8 a Geometry of the three-point bending V-notched specimen and b initiation GSIF obtained by (square) PF simulations or by
application of the CC with (triangle symbols) or without (disk symbols) regularization

The proposed approach of the CC applied to regular-
ized crack initiation provides less than 5% difference
compared to GSIFs obtained using the PF approach
(Fig. 8b). Based on the initiation length and dimension-
less regularization length obtained by solving the CC,
it also yields an estimate of the initiation regularization
length (Table 1). The regularization lengths obtained

using the CC are around 20% larger than the one used
as inputs in the PF calculations. The remaining dif-
ferences between the proposed CC approach and PF
calculations can be understood by observing the dam-
age field corresponding to the maximum force before
initiation in the PF calculations, which is depicted in
Fig. 9a.
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Table 1 Regularization lengths for different V-notch angles to ensure a Rankine strength surface in the PF calculations

V-notch angle β (deg.) 0 60 90 120

PF—Regularization length �c (µm) 26 28 34 36

CC—Initiation length �i µm 21.6 21.4 22.3 24.1

CC—Dimensionless regularization length ξc 1.42 1.63 1.77 1.75

CC—Regularization length ξc�i (µm) 30.6 34.5 39.7 42.3

Initiation length and regularization lengths obtained using the CC applied to regularized crack initiation

Fig. 9 a Process zone (left) at the force maximum before sud-
den drop to zero and (right) when damage attains 1 for the first
time for different V-notch angles. b Corresponding variation of
damage as a function of the distance to the sharp V-notch tip nor-

malized by the regularization length obtained in PF simulations
at the force maximum (dashed line) or when d = 1 for the first
time (plain line)

As a complement, the damage field at the first time
for which d = 1 is also depicted. It is observed that
prior to crack initiation corresponding to the sudden
force drop, a damage zone is established so that the
damage variable attains a maximum value around 0.3–
0.4 depending on the V-notch angle. It can be seen
fromFig. 9b that the process zone extent is around 1.5�c
along the crack direction at this stage. This is around
half the process zone size along the crack direction
(i.e., around 3�c) when damage attains d = 1 for the
first time. The initial process zone before crack initi-
ation is not considered in the proposed CC approach,
which explains the differences observed in terms of
GSIF and regularization length. This small damage
zone at a V-notch tip was also previously observed by
Tanné et al. (2018). It was also discussed in several

papers in the case of a crack (Klinsmann et al. 2015;
Sargado et al. 2018; Molnár et al. 2020), where it was
shown that prescribing phase-field Dirichlet boundary
conditions or not along the crack faces resulted in dif-
ferent critical load for its propagation.

6 Conclusion

Regularized crack initiation can be described by the
matched asymptotic approach of the CC inwhich a reg-
ularized crack is considered to represent a process zone
around a sharp crack. While using AT1 PF regulariza-
tion model in the proposed work, this approach could
be generalized to any kind of regularization to describe
the process zone around the crack. The larger this pro-
cess zone, the larger the effective crack length and thus
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the smaller the normalized IERR, which depends on
the Poisson’s ratio, the V-notch angle and the regu-
larization length. In case the regularization length is
proportional to the material Irwin’s length, such as in
PF models as shown previously through the parameter
η, it is mathematically shown that the initiation length
is proportional to the regularization length. As a conse-
quence, the normalized regularization length depends
only on the Poisson’s ratio and on the V-notch angle. It
is found to be larger than the initiation length for the V-
notch configurations under investigation. Considering
a regularized crack results in larger initiationGSIF than
in the case of a sharp crack without process zone. This
difference is larger for decreasing V-notch angles. This
result confirms previous findings that in PF calculations
in the case of an initial crack, it is essential to provide
Dirichlet PF conditions on the initial crack to retrieve
Griffith’s solution (Molnár et al. 2020, 2022). The pro-
posed approach of the CC for crack initiation of a reg-
ularized crack yields differences smaller than 5% in
the initiation GSIF and regularization lengths slightly
larger as compared to PF simulations. The remaining
slight discrepancy between the proposed approach and
PF simulations is likely due to the formation of a pro-
cess zone prior to crack initiation, locally reducing
the stiffness and strength, thus blunting the V-notch
and requiring a slightly larger initiation loading. While
linking the regularization length to the tensile strength
similarly to PF models, these parameters could also
be considered as independent so as to implement the
CC application in presence of a process zone through a
3-parameter CC formulation. Such a formulation will
enable making the regularization parameter indepen-
dent of the material strength surface and critical ERR.
Future works will also cover the formation of the pro-
cess zone before initiation, which could also be incor-
porated in the present approach and may be of primary
importance for energy driven configurations such as
strong singularities or mode III cracking.
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